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A New Analytical Method for Solving Complex Crystal Structures*

By W. H. ZACHARIASEN

Department of Physics, University of Chicago and Argonne National Laboratory,
Chicago, Illinois, U.S. 4.

(Recetved 29 May 1951)

With the aid of an identity it is shown that relationships between signs of structure factors for
centro-symmetrical crystals can be obtained even when the Harker—Kasperinequality considerations
yield no useful information..It is shown that a structure determination can be formulated as
a self-consistency problem with respect to these relationships, and it is indicated how the solution

can be found.

The new method is successfully tested on & structure where other methods had failed. The test
consisted in finding the twenty-seven degrees of freedom for oxygen and boron atoms in the
structure of the monoclinic form of metaboric acid. The results of the structure determination are

briefly given.

Introduction

A new analytical procedure for the determination of
crystal structures with many degrees of freedom is
developed and described in this paper. The discussion
is restricted to centro-symmetrical crystals. The
possibility of extending the method to structures
without inversion center is being investigated; but it is
too early to express a definitive opinion as to how
successful this attempt is going to be.

It should be emphasized at the outset that the
method developed in this article is not be be regarded
merely as still another mathematical formulation of
a ‘solution in principle’ of the phase problem. The
method has been tested as to its practical use in solving
structures, neither on potassium dihydrogen phosphate,
nor on oxalic acid dihydrate, but on metaboric acid
which paradoxically provides a far more acid test. This
latter structure involves 27 degrees of freedom (actually
36, but in the early stages of the structure determina-
tion one is not concerned with the 9 degrees of freedom
associated with the hydrogen atoms), and all attempts
to find the structure by means of known methods had
failed in spite of the expenditure of much time and
effort. Within & period of two weeks the new method
led to a direct determination of the 27 degrees of
freedom. The ease with which the solution was obtained
indicates that the method may be successfully used on
structures of far greater complexity.

The relationshop of the new procedure to the recent
method of Sayre (1952) and its modification by Cochran
(1952) will bediscussed in §3 of this paper. Since Sayre’s
paper is scheduled to appear at the same time as
this article it is proper to record that the general
principles of Sayre’s method were described to this
writer before the investigation reported in this paper

* The results contained in this article were presented at
& symposium held at Pennsylvania State College in April 1951.

was begun, and the influence of Sayre’s work on the
present one is gratefully acknowledged.

1. Preliminary considerations

It will be supposed for the sake of generality that the
space-group symmetry is P1. Simplifications resulting
from additional symmetry are readily taken into
account. The expression for the unitary structure factor

N
Ug=Fg/> f;is thus
1

N
Ug=23 n;cosH.r,,
1

1)

where
N
n)‘Efi/zl:fi’ H=2m(H,b,+ H,b,+ H;by)

and r;=x;2,+y,;8,+2;a,.

Let o represent the root-mean-square value of the
N
unitary structure factors. As is well known, o2=73,n},

1
or o=N-1if all atoms are equal (Hughes, 1949). The
distribution function for the unitary factors is for all
practical purposes the error curve.

The method of inequality relations can be used to
solve structures of moderate complexity. The most
powerful inequality relation deduced by Harker
& Kasper (1948) is

| U+ Ug|*<(1 £ Ugyx) (1 £ Ug_g). @)

Suppose that| Uy | =| Ug |=| Ug,x | and Ug_x=0.
Under these'conditions the inequality yields informa-
tion about signs only if | Uy | > (17¢—1)/8=0-39. It is
estimated on the basis of such conclusions that the
method of inequalities usually will lead to a structure
determination if 20 9%, or more of the structure factors
satisfy the condition | Uz |>0-30, and this implies
0>0-22. The considerations of this paper will be
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restricted to structures which cannot be solved by the
method of inequalities. Hence it may be assumed that
o is of the order of 0-2 or less.

Experience shows that a Fourier synthesis based
upon the stronger 15 9, of the reflections usually gives
a sufficiently detailed picture of the actual electron
distribution so that the accurate structure can be
obtained in straightforward manner by means of
successive approximations. Hence it may be said that
the difficult part of the crystal-structure problem
consists in determining the signs for the larger 15 9,
of the structure factors. Since 13 %, of the structure
factors may be expected to fallin therange | U 5 | > 1-50,
it is convenient to define a structure factor as large (and
the corresponding reflection as strong) by the require-
ment | Ug | >1-50'. Whether this lower limit is chosen
as 1-40, 1-50 or 1-60° is of little importance for the
arguments of the next section.

In determining complex crystal structures it is often
useful first to consider a two-dimensional projection of
the structure which involves only two-thirds as many
degrees of freedom. The method to be developed in the
following can, of course, be used for such projections.
In the interest of generality it is, however, assumed that
the method is to be used for a frontal attack directly
on the three-dimensional structure. As a consequence
it is presupposed that all reflections in the observational
range | H| <4n/A have been measured.

2. The basic equations

The following identity, from which the Schwarz
inequality directly follows, is well known and easily
verified:

| Zasb;P=X]a; 2 2 |bk|2—%§l§

a; a?
by b
The considerations of this paper are based upon a special
case of this identity,* namely,

(1Ugl+|Ug|)2=1-Dpg+8g8x(Ugix+Ug_xk)
+UgixUgx» (4)

where Uy is given by (1), 85 is the sign of Uy, and
where

(3)

IN N

cos(H+K).r; cos(H+K).r,. |2
-DHK=8§ %njnk ( ) ] ( ) k

cos (H—K).r; cos(H—K).r;| '
(8)
As an immediate consequence of the identity one has
(|Ug|+|Ug|P<1+858x(Ugix+Ugn-x)
+Un+x Ung-x> (6)

which the reader will recognize as the useful form of the
inequality relationship given in (2).

* The writer is indebted to Prof. J. E. Mayer for the
suggestion of using identities rather than inequalities for
establishing useful relationships.

It is of interest to examine the term Dy, which is
defined by (5). Clearly Dgg=1if

Also, Dg =1 if the average is taken over all triplets
Hand K. If 0 < 0-2, as assumed above, the distribution
function for values Dyx has a sharp maximum at
unity. The assumption Dy =1 for given H and K is
thus a good approximation except in the rare instances
where large fluctuations from the mean occur. In other
words the equation

(1Ug|+| U )2~8a8x(Ugix+Ug_g)
' +UgigUg-x (7)

usually holds for any set H and K, but will on occasion
break down. Were this equation always valid, it would
represent a most powerful means of determining the
signs of structure factors. Suppose, as an illustration
of the potential power of (7), that

|Ug|+|Ug[=040, |Ug,g|=0-30

and |Ug_g| =0-10. The inequality relation (6) gives
no information in this case, but (7), were it valid for
this particular combination of indices, would have
given Sp, g =8y 8g=—Sg_g-

Ug,Ug and Ug,gx all correspond to strong
reflections, one concludes from (7) that the following
relation is probably, but not necessarily, correct:

Sg+r=858k. (8)

Most analytical procedures for the determination of
signs of structure factors involve a chain process. An
incorrect sign introduced at an early stage will therefore
have produced a large number of incorrect signs by the
time an advanced stage in the chain process has been
reached. For this reason one may be led far astray if
a structure determination is based upon equations (7)
and (8) without regard for their fallibility.

In (4) let K be replaced by K, and H by H+ K,. Let
Uy be a particular structure factor, and let it be
stipulated that Ug,, Up. g, be pairs of large structure
factors. Imagine next that (4), for given H, is averaged
over all K. It is to be supposed that there are enough
pairs of the specified type to justify the equation
Dg,g+x;=1. The averaged equation (4) becomes

(U +| Ugsr 1) =8x,88+x;Un
+8x Su+x;Unser;+ Umsex,Un- (9)

The left member of this equation is known from the
observed data. Since Ug, and Ug,g, are large
structure factors, the value of the left member exceeds
902, the probable value being about 1252

Some of the structure factors Upg.ox; occurring in
the last two terms of the right member of (9) will
usually correspond to reflections outside the observa-
tional range, i.e. | H+2K,|>4n/A. Hence one would
notin general be in position to evaluate these two terms.




70 ANALYTICAL METHOD FOR SOLVING COMPLEX CRYSTAL STRUCTURES

Itis, however, possible to set upper limits for the various
terms of the right member:

SgSa+x;Un<|Ugl;

Sx.Sasr;Unser,<| Unior;|; (10)

Ugex;Us<|Ugiex;|| Un |-

Since one may set | Ug. ok, | | Ur | ® 02, it is seen that
the last term of the right member of (9) is always small
compared with the left member.

Suppose that Ug is a large structure factor. One may
then set |Ug|~150 and | Ug, x| x0-70. Table 1
shows the value of the left member compared with the
maximum values of the various terms of the right
member. There are several noteworthy facts showing
up in this table. In the first place one can conclude
that the first term of the right member must be positive
if 0> 0-07. Secondly, one sees that the maximum values
indicated in (10) are practically attained when o > 0-20.

Table 1

Value of Maximum values of terms of

left right member
member ‘ A N
o 120 1-50 070 ot
0-20 0-48 030 0-14 0-04
0-15 0-27 0-23 0-11 0-02
0-10 0-12 0-15 0-07 0-01
0-07 0-06 011 0-05 —

The equation
Sa=8(8g,Sg+x,); (11)

which is the statistical equivalent of (8), is thus reliable
at least for 0>0-07. If one makes the reasonable
assumption that the actual values of the various terms
of the right member of (9) are proportional to their
maximum values, then (11) should be valid even for
0 <0-07. On the basis of this same assumption it also
becomes possible to estimate the numerical values of

the quantity | Sg, Sz, &, |. The result is

o ]'SK{SH+K4|
0-20 10
015 0-75
0-10 0-5
0-07 0-35

One finds, in other words, that (8) is almost always
valid if o=0-20, while it holds only two out of three
times if o =0-07.

The procedure for determining signs of structure
factors proposed in this article is based upon (11) rather
than upon the too unreliable (8). The discussion just
given indicates that the suggested procedure is valid
at least for 0>0:07, i.e. for structures with up to
200 atoms in the primitive cell.

The general principle of the method is simply to give
all large structure factors signs such that self-con-
sistency with respect to (11) is attained. Some general
remarks as to a practical procedure for solving this self-
consistency problem should be made at this stage.

As the obvious first step towards the solution the
inequality relation (6) should be used to deduce as many
unique signs as can be found. Next one expresses the
signs for a suitable chosen set of the largest structure
factors by means of letter symbols a, b, ¢, d, .... The
inequality relation is then used again to deduce the
signs of further structure factors in terms of these letter
symbols. In this manner a list of large structure factors
will have been prepared with the signs either uniquely
known or expressed in terms of the letter symbols
a,b,¢,d,.... It is to be presumed that a sufficient
number of letter symbols have been introduced, so that
this initial list is fairly extensive.

Equation (11) is next used in connection with this
initial list both for the purpose of expanding the list
and to determine which letter symbols represent +1
and which —1. In the final stage the initial list has
been augmented to such an extent that it includes all
large structure factors, and all letter symbols have been
eliminated. The example discussed in §4 illustrates the
practical procedure.

3. The relationship to other methods

The relationship of the method discussed in this paper
to the method of inequality relations has been referred
to a number of times. The method of Harker & Kasper
is based upon the inequality (6) which is a direct
consequence of the identity in (4). The method of
inequalities may thus be said to be a special case of the
method proposed in this paper. Whenever the in-
equality relation (6) gives unique information about
amplitude signs, the result is obtained in the form of
(8) with assurance that the correctness of the result is
proved. If the inequality relation is capable of yielding
the desired information, then, of course, there is no
point in using the new method. Indeed, the considera-
tions of this article have been restricted to structures
which cannot be solved by means of inequalities.
Recently, Sayre (1952) has found a relation between
structure factors for a centro-symmetrical crystal
containing equal atoms. Sayre’s equation is

VfFH=ZFKiFH+Ki’
i

where V is the volume of the unit cell. Clearly the only
important terms in the sum are those for which both
structure factors F- and F g, , are large. By applying
a large temperature factor it is thus possible from
Sayre’s equation to obtain relations involving a small
number of structure factors. In this manner Sayre has
used his equation to obtain information about the signs
of the structure factors.

The similarity of Sayre’s equation to results obtained
in this paper is brought out if his equation is divided by
Nf2. Introducing unitary structure factors one finds

VUH=N§ UKlL UH+K1"

It is seen that (11) results when the signs of the two
sides of the above equation are made to agree.
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Quite recently Cochran (1952) has investigated the
condition which must be imposed if the distribution
function for point atoms is to make greater excursions
in the positive than in the negative direction. Using
Sayre’s equation Cochran finds that the condition can
be expressed as the probable validity of (8), which
again implies (11).

4, Application of the method to the
structure of metaboric acid

The unit cell of the monoclinic form of metaboric acid,
HBO,, has dimensions

a;="7-132+0-002, a,=8-852 +0-003,
a;=6-772 +0-002 A

with ot =93-253 +0-005°.
The space group is P2,/a, and twelve stoechiometric
molecules are in the unit cell.

About one thousand distinet reflections can be
observed with Cu K« radiation. The intensities of all
but about twenty of these reflections were carefully
measured with a General Electric X-Ray Geiger
Counter Spectrometer which had been modified for
single-crystal work. The absolute scale factor and the
temperature factor were approximately determined by
means of the usual avoraging process.

The root-mean-square value for the unitary structure
factor is about 0-17 in agreement with the equation
o2=3n2, and the largest observed numerical value for
the unitary structure factor is 0-56. In agreement with
the suggestion given in §1 of this paper, it was found
convenient to define a structure factor as large when
| Ug|>1-50=0-25. A total of 138 of the 1000 reflections
fall in this category.

Since the origin may be shifted from one inversion
center to another, it is possible to choose the signs of
three structure factors at will. Thus the positive sign
was chosen for the reflections (201), (353) and (017).
The signs of fourteen additional structure factors can
be uniquely deduced from the inequality relation. If
the signs of five further structure factors are expressed
by letter symbols b, ¢, h, z and y, the inequality
relations lead to the determination of the signs of
eighteen more structure factors in terms of these letter
symbols. Table 2 lists the forty reflections for which
the signs in this manner are either justifiably assumed
or determined by means of inequality relations. Since
five of the signs in Table 2 are unknown, there are, of
course, 25 distinct sign combinations. Table 3 lists the
138 strong reflections.

The problem is now, with the aid of equation (11),

(1) to expand Table 2 so as to include all large
structure factors with the signs expressed either in
terms of the symbols b, ¢, b, ,y or as +1and —1; and

(2) to find which of the letter symbols represent + 1
and which —1.

In carrying out this task one should make use of the
known symmetry properties. For P2,/a these are:
Ungom,=UmE,m, ¥ Hi+H, iseven,
UH1H2H3= —UH]E_I2H3 if H1+H2 iS Odd.
The method used to solve the self-consistency
problem will now be illustrated by means of a series of

examples.
Table 2. Initial list

H,H,H, |Uy| Sign H,H,H, |Ug| Sign
206 055  + 123 035 ()
006 053  + 163 048  (y)
201 050 (+) 28T 050  bh
192 047  + 223 046 b
353 044  (+) 172 046 b
017 044 (+) 275 044 —hy
207 043  + 463 043  h
040 043  + 262 042  h
552 041  + 571 040 b
218 041  + 173 039 b
216 040 — 480 038 b
402 039  + 141 035 —ba
195 038  + 331 034 bk
241 037  + 641 034 ¢
151 035  + 352 034 h
393 032 + 164 034 —y
046 030  + 370 030 b
023 045  (b) 224 028 b
601 048  (c) 47T 027  hy
312 045 (k) 111 025 &

As a first example consider the reflection (154)
which is found in Table 3, but not in Table 2. Table 2
contains five pairs of the type K; and H+ K; corre-
sponding to H =(154). For each of the pairs one finds
SgSyix;=+1. Hence, by (11), S;;3=+1 and the
structure factor U,;; can be added to Table 2.

In the second illustration let H = (133). It is possible
to find nine pairs K;, H+ K, in Table 2 corresponding
to this choice for H. For five of these pairs one finds
Sx;8g+x;~band for the remaining four Sg, g, g, =hb.

Since the numerical value of the quantity Sz Sy &,
should be near unity it must accordingly be required
that A= +1. Thus 8,33=>50 and U, 5 can be transferred
from Table 3 to Table 2 which now contains only four
unknown quantities, namely, b, ¢,  and y.

. By repetition of the procedure illustrated in these
two examples Table 2 is gradually expanded to include
all large structure factors, and the unknown quantities
b, ¢, z and y are reduced one by one until all letter
symbols are eliminated. The final results as to the signs
of large structure factors are given in Table 3.

Having thus deduced the signs of all structure
factors for which | Uy | >0-25, equation (11) was next
used to find the signs of additional structure factors.
For instance, the signs were deduced for all structure
factors for which | Fz|>20, and for all structure
factors for which 0-20< | Uy | <0-25. Such reflections
are listed in Table 4. As an example consider the re-
flection H = (001) for which | F|=29and | Uy |=0-11.
For H=(001), there are twenty-one pairs of the type
K,H+K; in Table 3. The quantity Sg,Sy.x,
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H,H,H,
408
205
006
201
60T
207
402
603
401
407
402
404
400
208

312
315
313
117
114
111

017
415
218
218
612
417

222
023
422
623
226
425
623
224

123
124
122

331
730
731
335
133
530

833
236
235

H,H,H,
007
213
314
451
452
362
541
162
022

0102
340
680

111.0
231
351
334
264
632

800

| Ugl

0-56
0-55
0-53
0-50
048
043
0-39
0-34
0-33
0-30
0-28
0-27
0-25
0-25

0-45
0-32
0-29
0-29
0-26
025

0-44
0-42
0-41
040
0-33
0-27

0-46
0-45
0-42
0-35
0-34
0-30
0-29
0-28

0-35
0-28
0-26

0-34
0-28
0-27
0-26
0-25
0-25

0-45
040
0-35

" | Uxl

0-24
0-24
0-24
0-24
0-24
0-24
0-24
0-24
0-23
0-23
023
0-23
0-23
023
0-23
0-23

- 023

0-23
0-22
0-22

Si

Db+ |+ttt t g

Fll4+1+ +14++1+

ti+ 11

P+

I ++

si

LR N I

Table 3. Large structure factors

H 1 H BH 8
431
435
633
632
037
632
031
034

040
241
641
046
245
442

141
345
147
343
545

353
552
151
352
75T
156
155
354
154

850
253
453
454
655
651
2562

463
264
065
266
262
662
265
064

163
162
562

| Us|
032
0-30
0-30
0-29
0-26
0-25
025
0-25

0-43
0-37
0-34
0-30
0-27
0-25

0-35
0-30
0-30
0-29
0-25

0-44
041
0-35
0-34
0-33
031
0-28
0-26
0-25

0-38
0-33
0-32
0-31
0-30
0-28
0-27

043
042
0-34
0-29
0-28
0-28
0-27
0-25

0-48
0-40
0-39

Sign

1+ +14+1

R I s

Ll++++++ 10141

I+

Table 4. Additional structure factors

H,H,H,
004
204
201
602
208
132
324
325
254
512
130
140
123
441
513
425
063
027
540
470

{Uxl
0-22
0-22
0-22
0-22
0-22
0-22
0-22
0-22
0-22
0-22
0-21
0-21
0-21
0-21
0-21
0-21
0-20
0-20
0-20
020

S

i

I+ b+++1 00+ +1 1T +++

H,H,Hy
364
363
164
363
163
365
166
565
364
361

172
571
173
371
370
170
374

275
273
072
272
471
071
27T
074

281
480
282
080
081

181
580
184
185
582

194
590
195
39T
393
393
101
190

290
491
095

H,H,H,
710
380
322
332
424
116
016
31T
213
411
150
330
310
121
210
11
200
001
212

| Url
0-38
0-37
0-34
0-32
0-31
0-31
0-31
0-30
0-28
0-25

0-46
0-40
0-39
0-32
0-30
0-29
0-25

0-44
0-39
0-32
0-32
0-27
0-27
0-256
0-25

0-50
0-38
0-30
0-28
0-26

0-35
0-32
0-32
0-29
0-26

047
0-39
0-38
0-31
0-31
0-31
0-25
0256

0-35
0-30
0-27

| Ux|
0-20
0-20
0-20
0-20
0-20
0-20
0-19
0-19
0-19
0-19
0-18
0-17
0-16
0-16
0-15
0-15
0-15
012
0-10

Si

I++II+III+o§

Pb+4+1 F0+0 0 i+ +++T LT

F4+++++4

S

i

N I T T T T o ol B
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evaluated over these twenty-one pairs gives the value
—0-90, and hence Syg; = —1.

At this stage in the investigation the signs had
been determined for 198 of the largest Fourier
coefficients F';, and it was felt that a three-dimensional
Fourier synthesis based upon these terms would give a
good approximation to the correct structure.

The results of this synthesis showed the presence
of 24 maxima per unit cell corresponding to between
nine and ten contour lines, and twelve maxima per unit
cell corresponding to between five and six contour
lines. All other maxima corresponded to less than three
contour lines. The 24 largest maxima were assumed to
represent oxygen atoms, the twelve next largest boron
atoms.

Table 5 gives the coordinates for boron and oxygen
atoms as obtained from the synthesis, while the corre-
sponding B-O distances are listed in Table 6. It is to
be expected that the inclusion of the more than eight
hundred Fourier coefficients not yet used will lead to
moderate revision in atomic co-ordinates and inter-
atomic distances, without altering the main features
of the structure.

The boron and oxygen atoms are bonded together
to form endless chains parallel to the a, axis. The
constituents of a chain are BO, tetrahedra and B,0O;
groups, a B,0y group being composed of two BO,
triangles having one corner in common. These endless
chains are presumably linked together by hydrogen
bonds. The presence of such hydrogen bonds is in-
dicated by the short O—O separations between chains
noted in Table 6.

Structure factor calculations are now in progress and
the detailed structure will be reported later.

Table 5. Parameter values for metaboric acid

z —y p
B, 0-261 0-295 0-478
By 0-403, 0-335 0-169
B 0-241 0-544 0-335
0y 0-210 0-198 0-619
Ot 0-229 0-444 0-498
O 0-353 0-238 0-316
Orv 0-374 0-492 0-189
Oy 0-489 0-287 0-019
Oy 0-046 0-550 0-236
Table 6. Interatomic distances
B0, 1-35 A B0 1444
B-Op 1-35 Bpr-Op 1-42
Br-Om 1-40 urOrv 1-48
Br—Ouy 1-38 1r-Ovr 1-51
1-Orv 1-41 irH-Oy; 2-73
Oy 1-29 Op-H-Oy 263
OvH-Opy 271

I am deeply indebted to Prof. R. Pepinsky for the
use of his computer in evaluating the three-dimensional
Fourier synthesis.
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